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Double Precision Bessel Function Subroutine
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This subroutine will compute any one of the following Bessel
Function Arrays, as specified by the user, for each entry
into the routine:

Bessel Functions of the lst Kind

a. Jg (x), Iy (X)y o o o I (%) integer orders

b. J%_(X), JB/E(X)’ T s Jn+%.(x) half orders

Bessel Functions of the 2nd Kind

ce Y (x), Yl (x), o o o T (x) integer orders

de T 1(x), J-5/2(X)’ o« o J_( )(x) Negative half orders

n+s

Spherical Bessel Functions

e. J, (x), Jq (X), o « o g (x) 1st Kind

fo ¥, (x), 1 (x), o o o Y, (%) 2nd Kind
Modified Bessel Functions

g I (x), I (X), o o« I (x) integer orders

b, K (x), K (X)), o o o K (x) Integer orders

The argument, x, is real and must be in the range
0 ¢ x < 6000

for all functions except the Modified Functions In(x) and Kn(x).
For these functions, the bounds on x are

0 < x ¢ 128,

All functions are accurate to at least seven significant digits.



METHOD

I,

Regular Functions

The method used to compute the Regular Functioms J_(x), J4i(x),
in(x), and In(x) is the "Backward Recurrence Methog" described in
Reference i. The method essentially follows the description below,
For more details see Reference 1,

Upon using the recurrence formula for solutions to Bessel's Differential
zguation, in a backward fashion, or

Fpop (0 = 2BF () = Fyy () (1)

with

Fm+1 (x) = 0
and

Fﬁ (x) = a

where, a, is any constant, one obtains an array of functions at some,
n<m, which are all a constant multiple, B, of the regular function to
any desired degree of accuracy.
That is, say for J,(x),

FK(x) 2 SJK(X). K-o.l.z'..ln(<m)
Then, all that remains is to normalize all the functions after determining

Bo

B is conveniently determined in the computer using one of the following
relationships, depending upon the functiom involved.,

Lo Jp(x)

(-]

1 = Jo(x) +2 I J2n(x)
n=l




or for F (x) = BJj(x)

[e]

g = Fo(x) +2 I an(x) (2)
n=1

2. Jn+%(x) and jn(x)

Fy (x) F,(x)
- - .Jl(.y
J%(x or B jo x

(see Formulas section for expressions for J%(x) and jq(x))

£ = Ip+2 & I (x)
n=]

or for F_(x) = BIn(x)

g = e [Fy+2 = Fn(x)] (3)
n=1

In actual use, the summations in (2), and (3) need only go to, m,

since the F_(x)'s are a decreasing function as, n, increases, Determination
of, m, is described under USAGE, Of course, when using the method for
computing the modified functiom, I (x), the recurrence formula (1) must

be replaced with

Fn_l(x) = %2 Fn(x) + Fn+1(x).

II, Irregular Functions

The method used for the regular functions is the Forward Recurrence
Method using equation (1) but with, n, increasing, or

Fn+1(x) - ’_2‘2 Fn(x) - Fn—l(x)' (l')
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In using equation (4) for the irregular fumctions, no accuracy is lost
in the forward recurrence for either n<x, or n>x since the irregular
function is an increasing function as, n, increases, Therefore, as,
n, increases one actually gailns more significant digits of accuracy.
In using equation (4), one must change the sign before the F l(x)
term when recurring for Kh(x), or n-

(x) = 22 Kn(X) +K

K +1 b'd

ja)

l(x).

Therefore all one needs are two starting values for the irregular
functions and use the recurrence formula with, n, increasing.

Several methods are available for determining starting values. The
methods used in BSLFNX gave accuracies of at least seven significant
digits for all function starting values.

The expressions used for Y (x) and K (x) were polynomials described
in Reference 2. Direct analytical eXpressions were used for J_(n+A)(x)
and yn(x), and are listed under the Formula section. =

USAGE

The calling sequence is

CALL BSLFNX (FNX, ARG, N, NTYPE)

where ARG, N, and NTYPE must be defined prior to entry into BSLFNX. FNX

must be singly dimensioned with the size dependent upon the number of functions
desired and the value of, M, defined below. Both FNX and ARG must be typed
Double Precision.

FNX the array of computed functions,

F (x),

K K=0, or %

Fibrs + ¢ ¢ Frent1?

ARG argument, in Fn(ARG)

2




N=n the highest order of the array of Bessel
Functions computed. For integer orders,
one obtains Fo(x), Fo(x), «.. Fn(x),

"1
and for plus or minus half orders one
obtains
Fi%(x), Fi5/2(x), ces Fi(n+%) (x).
NTYPE option for the particular function desired.
It can assume the following values:
NIYPE Function Computed
1 J (x)
n
2 Jn+_J§(X)
3 Jn(X)
i Y (x)
g I (o) )
6 ¥, (%)
7 I (x)
8 K (x)

m Values

The values of, m, obtained from the following emperical formulas yield
the accuracies specified for all regular functions, and will compute a
maximum accurate array size such thaﬁothe difference in magnitude between
Fo(x) to F_(x) is of the order of 10° ., Larger arrays could be obtained
by adding %o the constant term any amount within practical limits of the
computer.

5%+20 , 0<zx< 10
m = 1.48x+55 B 10 s x < 150
1.05x+115 R 150 < x



[oXY

Accuracy

For details on the accuracies obtained for the regular functions, see
Reference 1. At least seven significant digits were obtained for all orders
and the following arguments, checked on the IBM 360/65 computer.

x=1, 2, 5, 10, 50, 100
Reference 1 pertains to accuracies obtained on the IBM 7094 computer where
the word length is only 36 bits. Better accuracies should be expected
with the IEBM 360 Double Precision word length.

Subroutines Required

No special subroutines are required for BSLFNX except the standard library
routines supplied with the IBM 0S 360.

Program Restrictions

The subroutine stops the program if the order, n, asked for exceeds the
value of, (m-5), (where, m, was calculated from the argument) for all regular
functions. The stop is STOP 1.

There is no limit on, n, for the irregular functions except to be within the
practical limits of the computer.

Function Formulas

1. J%(x) = \/E-ﬂg sin(x)

2. J_%(x) = «/‘% cos (x)

e I _5p(x) =FT& -sin(x) - coi(x)

b § (x) = «/—-2‘1-; Tl (x)

5. y,(x) =«/772—:§ () = (-1)™+t = I _ (o))
6. 1 = Jo(x) + :; Iop (x)
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e = Igx) + T I (x)
n=1

Wronskians

8

9.

1
La(x) Ky () + 1 () K (x) = &

Ty (X) J_, (x) + Jv(x) J-(v—i—l)(x) - « 2.8in(vm)

nz

(v can be either, n, or n+4)

- 2—
10, 3, (0 Y(x) = Jo(x) Ypup (0) -
References
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SUBROUTINE BSLFNX(FNX,ARG;NyNTYPE)
(C e o e i Xe o e 3 e e e e o oo e s e ool o e o oo e b s ol ok o e s e i o s ol e ok el s o e e e e e e sk TN K R R Rk KRB S LFNXO L
C " SUBROUTINE BSLFNX COMPUTES AN ARRAY DF BESSEL FUNCTIONS CORRESPONDINGBSLFNX02

TTTCNERERIONO e 5k 312 e 3¢ e o ¢ s s e e e e s e o e afe oo e e sl e s o e o o st e e o e e e sl o e a e e s Ko KK R ORI ok Rk e kR e B SLENX 28 T

© IMPLICIT REAL*8 (A-H,0-2)
'DIMENSION FNX(1)

DATA G1,62+1639649G5966/-.07832358D0,9.0218956800,-

6.00587872D0y~-+00251540004.53208D-3/

C 7O THE VALUE OF NTYPE, DEFINED BELOW, FOR REAL ARGUMENT(ARG), AND
T CTTORDER (K)y FOR K={O0+NU) s (1+NU)yseey (N+NU}y WHERE NU ="0"0OR 1/2.
C .
C TCALLING SEQUENCE - T
C CALL BSLFNX(FNX ARGyNyNTYPE)
C T WHERE ’ ) T
C FNX = ARRAY OF BESSEL FUNCTIONS COMPUTED CORRES. 7O NTYPE.
- C FNX IS DEFINE DOUBLE PRECISION AND MUST BE DIMENSIONED
C AT LEAST THE VALUE OF '/ DT INED BELOW:
(O T 7T M=5%ARG + 20 vy O =t ARG LT 10 T
C M=1.48%ARG + 5% ' GE ARG LT 150
cC /™~ T M=1.05%ARG + 115 , ARG GE 150 "~ T
C ARG = ARGUMENT OF BESSEL FUNCTION, DEFINE DOUBLE PRECISION
-C "N =""HIGHEST ORDER BESSEL FUNCTION TO "COMPUTE FOR™ ARRAY
c OF INTEGER ORDERS OyljyeesesN
C— TTTTTTOR HALF ORDERS 1729y 3/25eee9 (N+1/2) DEPENDING UPON
C THE TYPE REQUESTED BY THE USER
CT 7 7NTYPE = TYPE OF BESSEL FUNCTION REQUESTED BY THE USER ACCORDING
c TO THE VALUES BELOW
—C NTYPE " TYPE OF BESSEL FUNCTION COMPUTED T
C ——— —-—
- C 1 J SUB (N} OF (ARG) R T
c Be FUNCT. OF THE FIRST KIND-INTEGER GRDER
~C 2 J SUB (N+1/2) OF (ARG) }
c B. FUNCT. OF THE FIRST KIND-HALF ORDER
-C 3 SMALL J SUB (N) OF (ARG)
c SPHERICAL B. FUNCT. OF THE FIRST KIND
" C 4 Y SUB {N) OF _(ARG) T
C B. FUNCT. OF THE SECOND KIND-INTEGER ORDER
—C~ 5 “J SUB —-(N+1/2) OF (ARG)
c B. FUNCT. OF THE SECOND KIND-HALF ORDER
—C 6 SMALL™Y SUB (N) OF (ARG) B
c SPHERICAL B. FUNCTe. OF THE SECOND KIND
-c TTTTTTTTI SUB (N) OF (ARG) T
c ‘ MODIFIED B. FUNCT.-INTEGER ORDER
—C 8 "7 K SUB (N) OF (ARG)
c MODIFIED Be FUNCT.~INTEGER ORDER

.01062446009 _

DATA F1,4F24F3,F4,F5,F6/.42278420D0y42306917600,.0348859000,
TTTTTTFL.0026269800,.10750D-3, . 740D-5/" o

DATA H1lyH24H34H4,HS5,HO6/=T, 7D~7,
— H=7.2805D-441.4476D~4/

DATA E1+E24E34E44E54E6/~404166397D0,~3. 9540-5,.00262573007
- E~5.41250-49-2.93330-4,41.,3558D0~4/ ' :
DATA W1sW24W33WayW5, We/l. 56D-6,.01659667DOvl 7105Q—§,_,0024951}DO BSLFNX33

T W1.13653D-3,-
DATA Y14Y24Y34Y4,Y5,Y6/412499612D0,5, 650—5,-6 378790-317 43480-4,

Y7.9824D-4,4-2.9166D-4/ : '
DATA C1+C29C39C44C54C6 /=2.2499997D041. 265620800,-0 316386600v

2.0033D-4/

TTTTTTTCA . 444790203 .9444D-342,1D~4/

DATA 51,02+03,04,D5,D06/0.60559366D0 4~
0-4.261214D-2+4,27916D-34-2.4846D=4/ ~~
DATA 01102103404,08,06/=-.5624998500 1 +2109357300,~3.9542890~2,

e e

+0055274D0+-9. 5120 5,.00137237DO

.7435038400,.2530011700:

BSLFNXOO

BSLFNXO03
BSLFNXO5
BSLFNXO7

BSLFNXO8
BSLENXO9

" BSLFNXO4

" BSLFNXO6

BSLFNXOA 7
BSLFNXOB -

BSLENXOC
BSLFNXOD

BSLFNXOF

BSLFNX1L

BSLFNX12

BSLFNX13

" BSLFNXOE ~

" BSLFNX10

BSLFNX14 -

BSLFNX15

BSLFNXl6

BSLFNX17

BSLFNX19

BSLFNX18

" BSLFNX18

T BSLENXLA

BSLENXIC

BSLFNX1D
BSLFNX1E
BSLFNXLF
BSLFNX21

BSLFNX23

" BSLFNX24

BSLFNX25
BSLFNX27

BSLFNX29

" BSLFNX20 7T
"7 BSLFNX22 7T

" BSLFNX26

BSLFENX2A

BSLFNX28B
© BSLFNX2C ©

BSLFNX2D

BSLFENX2E

BSLFNX2F

BSLFNX30"

BSLFNX31

BSLFNX32 ™

BSLFNX34™
BSLFNX35
BSLFNX36
BSLFNX37

BSLFNX39
BSLFNX3A
BSLFNXBB

“BSLFNX38 7




04.43319D-3,-3.1761D=451.109D-5/
DATA P1,P2,P3,P4,P5,P6/.2212091D042.1682709D0,~1.316482700,
©TP.312395100,-4.009760-2,2.7873D-3/
DATA ONE,TWO, THREE,P102/1.D052.0053.D041,5707963267948966D0/
T FACT(AyByCyDsEsFsG) = GH(A+GH*(B+GX (C+G*(D+G*(E+G*F)))))
NN=N+1
X=ARG
NU=1
" S1GN=-ONE T T
M1=3
TTTTM2 =2
GO TO(10410910,1554160,160410510) NI PE
10 IF(X.GE.lO.DO ) GO TO 20 T
=5.%X+15.,
GO TO 40 ' S
20 IF(X.GE.150.D0) GO TO 30
ST TM=1.48%X + 48. ‘ s
60 TO 40
30" M=1.05%X+112.
40 IF({M-5).GE.N) GO TO (60470480,240,2404240,50,50)NTYPE
-~ IF(NTYPE.EQ.8) GO TO 50 e
M=M=5
“T T WRITE (6945) NTYPESNyMyX o

BSLFNX3C
BSLFNX3D
BSLFNX3E
BSLFNX3F
BSLFNX40
BSLFNX41
BSLFNX42
BSLFNX43
BSLFNX&4
BSLFNX45
BSLFNX46
BSLENX4T
BSLFNX48
BSLENX49
BSLENX4A
BSLFNX4B
BSLFNX4C
BSLFENX4D
BSLENX4E
BSLFNX4F
BSLFNX50
BSLFNX51
BSLFNX52

45 FORMAT(*0 ORDER ASKED FOR IN BSLFNX TOO LARGE.'/' FUNCTION TYPE ISBSLFNX53

“TTTTFVI2/' ORDERTASKED FOR IS'I4,' BUT CANNDOT BE GREATER THAN 'I4,
Ft--—REDUCE ORDER AND RUN AGAIN'/' ARGUMENT IS'Fl2.8)

TTTTTTSTOP 1T T o T

50 M1=2 :
M2=1 T T
SIGN=0NE ‘
60" NUS0 e S -
GO TO 90
70 CONTINUE ~— e
Z=DSIN(X)/DSQRT(PI102%X)
50 30 80 - o e
80 Z=DSIN(X)/X
~ UT90TFNX(M+2)=0.D0 T T
FNX(M+1)=1.D~60
“TTTDO 100 I=l,M T T
K=M-1+1
"TOO0 FNX(K)=DFLOAT [ 2%K+NUY¥FNX(K+1 ) /X+STGN*FNX (K+2) "~ 7=~
GO TO T0(110,130,130,240,240+240,110,110),NTYPE
“TTI10TZ=0.D0° T 7T T T T T T
MM=M=2
STD0 120 I=MLyMMyM2 "o e
120 Z=Z+FNX(I)

e S ENX( L) #TWORZ ™~ =t e e e s

IF(NTYPE.GT.6) Z= Z/DEXP(X)
TTTTTTTGO0 TO0 140 T T T
130 Z=FNX(1)/Z
TTTV407D0 150 T=S1,ANTTT T
IF(1.EQ.3.AND.NTYPE. EQ.8) GO TU 152

TTTIB0TENX( I =FNXUIN/ZT LT T e e

GO TO 500
T15Z IF{X.GE.TWO) 60" TO 153 T ) oo
C=(X/TWO)*%2
o —FKN=-DLOG (X7 TWOT®FNX{1)=,57721566D0+FACT{F1,F2,F3,F4,F5,F6,C)
GO TO 154
1 BFC=TWO X T T e . . . e s e e
FKN'(l 2533141400+FACT(GI GZvG3oG41657669C))/(DEXP(X)*DSQRT(X))

BSLFNX54
BSLFNX55
BSLFNX56
BSLFNX57
BSLFNX58
BSLFNX59
BSLFNX5A
BSLFNX58B
BSLFNX5C
BSLFNX5D
BSLFNXSE
BSLFNX5F
BSLFNX60

. BSLFNX61

BSLFNX62
BSLFNX63

BSLFNX64

BSLFNX65

BSLFNX66

BSLFENX67
BSLFNX68
BSLFNX69
BSLFNX6A
BSLFNX6B
BSLFENX6C
BSLFENX6D

BSLFNX6E

BSLENX6F
BSLFNXT70
BSLFNXTL
BSLFNX72
BSLENX73
BSLFNXT4
BSLENXT75
BSLFNXT6

BSLFNXT7
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154 FNX{2)=(UONE=-FNX(2)%FKN%®X)/(FNX(1)%X) T . BSLENXTS
FNX{1)=FKN BSLFNXT9
G0 70 170 T ) " BSLENXTA
155 NU=0 BSLFNX7B
T G0 TO 190 T T T T BSLENXTC
160 DIV=DSQRT(PID2%X) BSLFNXT7D
FNX(1)=DCOSI(X)/DIV T ’ " BSLFNXTE
FNX(2)==(DSIN(X)+DCOS(X)/X)/DIV BSLFNXTF
TF(NTYPE.EQ.5) GO TO 170 T T T T BSLFNX80
ENX(1)==FNX{1)%*DIV/X - BSLFNX81
FNX(2)=FNX{2)*DIV/X — ~ T T T BSLFNX82
170 DO 180 I=2,NN BSLFNX83
K=1~-1 T R BSLFNX8¢4
180 FNX(I+1)= DFLOAT (2*K+NU)*FNX( 1)/ X+SIGN*FNX(1-1) BSLFNX85
"GO0 TO 500 T T 7T BSLFNX86
190 IF(X.LE.THREE) GO TO 220 BSLFNX87
T T C=THREE / X T T 0 7T BSLFENX88
A=.79788456D0 BSLFNX89
" B=.78539816D0 T " BSLFNX8A
F=A + FACT(H1,H24H34H4,H5, Hb,C) BSLFNX8B
T=X-B+FACT{ELyE24E34E44ES4E6,4C) T BSLFNX8C
FNX(1)=F%DSIN(T)/DSQRT(X) ‘ , _ BSLFNX8D
ST B=2.35619449D0 oo Tmmm s BSLFNX8E
T=X=B+FACT(YLlyY2,Y3,Y4,Y5,Y6,C) BSLFNX8F
“F=A + FACT(WLyW2yW3yW4sW5,W6,C) CTTT T " BSLFNX90
FNX(2)=F*DSIN(T}/DSQRT(X) BSLFNX91
“G0 TO 170 ToTrmTTTT T T BSLENX92
220 C=(X/THREE)*%2 BSLFNX93
B=DLOG(X/TW0)/PI102 ST BSLFNX94
TOM=,36746691D0 BSLENX95
FNX(1)=B*(ONE+FALCT(C1,C2+C3,4C4,C5,4C6,4C))+TOM+ FACT(D1,02,D3,D04,D5,BSLFNX96
106,C) BSLFNX97
T TOM=-.6366198D0 o BSLFNX98
FNX(2)=(B%*(0.5D0+FACT(01,02403,04,05,06,C))+ TOM+ FACT(P1l,P2,P3, BSLFNX99
L P4, P5,P6,C})/X T BSLFNX9A
G0 TO 170 BSLFNX9B
“240 WRITE(64250) NTYPE T BSLFNX9C
250 FORMAT(1H2y57HMACHINE TROUBLE=~--COULD NOT GET TO STATEMENT WITH NTBSLFNXSD
TTTTIYPE =13) - BSLFNXSE
STOP 2 BSLFNX9F
TTB00 RETURN T T BSLFNXAQ
BSLFNXAL

END




